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The rapid mixing of two miscible fluids is a precursor to promoting fluid-phase reac- 
tions. The configuration of a turbulent jet in a crossflow or tee-mixer is the most efi- 
cient passive design for rapid mixing. Here the Damkohler number has been defined 
from available tee-mixer data where the reactions are slow to fast compared with mixing 
times. For the available data the Damkohler number has been found to be of secondaiy 
importance for optimum design. The numerical simulation of jets in a tubular reactor 
suggests that large jet-to-tube momentum ratios with no backmixing are superior. More- 
over, the optimum design of maximum jet entrainment is shown to be synonymous with 
either a minimum in the relative standard deviation or the skewness. A formula relating 
the optimum diameter ratio to the jet-to-tube flow ratio has also been derived assuming 
geometrically similar jet trajectories, and the result correlates both numerical and experi- 
mental data. 

Introduction 
Turbulence promotes most important chemical reactions, 

heat-transfer operations, mixing, and combustion processes 
in industry. Effective use of turbulence increases reactant 
contact and decreases reaction times, which can significantly 
reduce the cost of producing many chemicals. Efficient mix- 
ing is necessary to obtain profitable yields in mixing opera- 
tions that can be generally classified as either distributive or 
phase dispersive. 

It is common in many existing chemical process units to 
continuously mix two fluids in a tubular reactor. If the 
Reynolds number Re > 2,000, the flow is turbulent and mix- 
ing results from turbulent diffusion. Since all mixing applica- 
tions require the injection of fluid into the reactor at one or 
more locations, a mixing tee as shown in Figure 1 provides a 
simple method of contacting two fluid streams. In fact, it is 
possible to achieve variation coefficients n,E < 0.05 that are 
suitable for many industrial applications in less than 10 tube 
diameters from the injection point (Sroka and Forney, 1989; 
Forney and Gray, 1990; Monclova and Forney, 1995). More- 
over, for fast reaction applications that require short resi- 
dence times, a tee-mixer is an attractive alternative to stirred 
tanks. The former is easier to scale up and represents a more 
economical, reproducible and efficient design for rapid mix- 
ing. 

Examples of specific applications for tee mixers are low- 
viscosity fluid mixing such as the dilution of concentrated 
acids or bases, wastewater treatment, or blending petrochem- 
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ical products. Other important commercial blending exam- 
ples are injecting a supersaturated steam into a crystallizer, 
or injecting a feed stream containing either a catalyst or 
monomer in polymerization reactors (Bourne, 1992). The 
quality of mixing also strongly influences the product distri- 
bution resulting from fast competitive reactions (Bourne et 
al., 1982). Examples of the latter are either the production of 
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Figure 1. Mixing tee. 
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silicone or polyolefin plastics (Ver Strate et al., 1988; Coze- 
with et al., 1991). Gas mixing applications are the blending of 
fuel gases, mixing of feed streams for catalytic reactors, where 
u/E < and mixing hot flue gases with ambient air. Im- 
portant industrial examples of gas mixing are the chlorination 
of gaseous hydrocarbons, oxidation of ethylene, and the air 
oxidation of ammonia (Ajinkya, 1983). Additional informa- 
tion is available in the reviews of mixing with tees prepared 
by Simpson (1974), Gray (19861, and Forney (1986). 

The first systematic study of tee mixing by jet injection was 
conducted by Chilton and Genereaux (19301, who used smoke 
visualization techniques to determine optimum mixing condi- 
tions at a glass tee. They concluded that right-angle configu- 
rations were effective for good mixing. Chilton and Genereaux 
also found that when the ratio of the velocity of secondary- 
to-main flow was in the range of 2-3, satisfactory mixing was 
obtained in 2-3 tube diameters. Narayan (1971) and Reed 
and Narayan (1979) used quantitative methods to measure 
the degree of mixing of air-carbon dioxide feed streams in 
three pipeline mixers. Narayan, like Chilton and Genereaux, 
found it was possible to achieve rapid mixing in a few tube 
diameters with perpendicular jet injection devices or tee mix- 
ers, but that parallel or coaxial flow geometries required up 
to 250 tube diameters (see the Appendix). 

More recently, several detailed experiments have been 
conducted characterizing jet injection of fluid by a mixing tee 
near the injection point (less than 12 tube diameters). Forney 
and Kwon (1979) and Forney and Lee (1982) established the 
importance of the diameter and velocity ratio for geometri- 
cally similar flows. O’Leary and Forney (1985) indicated the 
importance of the Reynold’s and Froude numbers. Maruyama 
et al. (1981, 1982, 1983) related mixing quality to the stan- 
dard deviation and provided limited data for optimum condi- 
tions. Gosman and Simitovic (1986) indicated that wall im- 
paction may improve the mixing quality with inert compo- 
nents. Finally, Sroka and Forney (1989) developed a similar- 
ity law relating the variation coefficient with the jet-to-tube 
momentum ratio and distance from the injection point. Ger 
and Holley (1976) and Fitzgerald and Holley (1981) com- 
pared standard deviations of measured tracer concentrations 
far downstream (7-120 tube diameters) from the side tee. 

Tee-mixer design has been shown to strongly influence ei- 
ther the reaction rate for fast simple reactions or product 
distribution resulting from fast competing reactions. Tosun 
(1987) measured the selectivity of coupled reactions and 
clearly demonstrated an optimum velocity ratio for three jet- 
to-tube diameter ratios. For a fixed diameter ratio, however, 
measurements of selectivity were averaged for several values 
of a small Damkohler number. Thus, it was difficult to deter- 
mine the influence of mixing-to-reaction time on the yield 
when both times were of the same order. Cozewith and Busko 
(1989) measured the indicator color length in an HCl/NaOH 
neutralization reactor. Cozewith and Busko also found an op- 
timum velocity ratio for a given tee geometry in the mixing 
controlled limit of very large Damkohler numbers. Cozewith 
et al. (1991) also attempted to show for a polymerization re- 
action that the narrowest copolymer composition at one di- 
ameter ratio occurred at the same conditions that optimized 
mixing in the absence of reaction. 

In the present article the optimum tee-mixer designs from 
the experimental reaction data of both Tosum (1987) and 
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Cozewith and Busko (1989) are compared where the reac- 
tions are slow to fast compared to mixing times. In this con- 
text, the, Damkohler number has been introduced into the 
correlation and discussed. Results from complete numerical 
computations (PHOENICS version 2.1) of the relative stan- 
dard deviation, skewness, and jet entrainment rates are found 
to be analogous and are favorably compared with the reac- 
tion data. A scaling law is also derived by assuming that opti- 
mum mixing corresponds to a geometrically similar jet trajec- 
tory. 

Jet Injection in Tubular Reactors 
The rapid mixing of two fluids of the same phase is a pre- 

cursor to carrying out fluid-phase reactions. The configura- 
tion of a turbulent jet in a crossflow is the most effective 
passive design for rapid mixing. In the tee mixer shown in 
Figure 1, the characteristic mixing time defined as the ratio 
of jet diameter-to-velocity, d/u, can be as small as loM4 s. In 
general, increasing the rate of entrainment of ambient tube 
fluid into the jet decreases the mixing time and improves the 
reactor yield. 

Dimensional analysis 
A dimensional analysis of right-angle jet injection into a 

tubular reactor as shown in Figure 1 suggests a conversion 
ratio 

(1) 

where X ,  may represent the yield from a simple reaction or 
the selectivity from a competing reaction scheme. Equation 1 
is restricted to a given reaction with constant stoichiometry 
(i.e., molar flow-rate ratios of reactants are constant). In Eq. 
1, Re, ( =  du/v) is the jet Reynolds number and Da is the 
Damkohler number defined as the ratio of mixing-to-reaction 
time 

kxj d 
Da=-,  (2) 

U 

where x j  is the initial concentration of the jet reactant and k 
is the rate constant (see Appendix 2). 

In the present article the reaction times are assumed to be 
small compared to the characteristic mixing times for either 
simple reactions or reactions producing desirable products in 
a competitive scheme. It is therefore assumed that these re- 
actions are complete within the first two tube diameters from 
the jet injection point since the mixing time is much less than 
the flow time (d/u << D/u)  or that the quality of mixing can 
be evaluated at fixed x/D = 2.0. We also assume that the 
quality of mixing is independent of the jet Reynolds number, 
provided Rej > 9 X lo3 (Forney and Kwon, 1979). Maximizing 
the yield X ,  in Eq. 1 by setting dX,/a(u/v) = 0 provides a 
unique relationship between diameter and velocity ratio (or 
flow ratio). Thus, an optimum geometry for jet mixing can be 
written in the form 

(3) 

where for convenience the mixing ratio q/Q = ( u / u )  (d/D)2. 
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Numerical computations 
The general-purpose computational fluid dynamic (CFD) 

code available in the PHOENICS package was used to solve 
finite-volume equivalent expressions for the basic conserva- 
tion equations of mass, momentum, and species concentra- 
tion. The k-E turbulent model provided concentrations on a 
computational grid limited to one half the tube cross-sec- 
tional area because of symmetry for two tube diameters in 
length from the fluid injection point. The grid consisted of 
15 x 20 X 68 points in the radial, azimuthal, and axial coordi- 
nates, respectively, with an additional tube diameter up- 
stream from the injection point. The details of the computa- 
tion including a description of the standard wall functions 
and sensitivity to empirical constants in the turbulent model 
are discussed in an earlier article (Monclova and Forney, 
1995). 

The flow in the tee mixer was modeled as a steady turbu- 
lent flow of a single-phase fluid containing an inert tracer 
introduced at the injection point with volume ratio x j  = 0.2. 
Figure 2 illustrates concentration contours for a tee mixer 
with excess jet momentum. The jet projects across the tube, 
impacts with the opposite wall, and creates a region of back- 
mixing. This configuration does not provide maximum jet en- 
trainment at the inlet nor optimum conditions defined by the 
yield from fast reactions. Most of the mixing occurs after the 
jet impacts with the opposite wall. At the bottom of Figure 2 
are concentration profiles across the tube at x/D = 2.0 down- 
stream from the injection point. As expected, the concentra- 
tion distribution is asymmetric with regions of high concen- 
trations near the opposite wall of the tube. 

Figure 2. Concentration profiles with excess jet mo- 
mentum; dlD = 0.2, UIV = 9.0. 
In the top, the flow is left to right and numbers are tracer 
concentrations (volume fraction). Bottom is tube cross sec- 
tion downstream from jet inlet; x / D  = 2.0. 

Figure 3. Concentration profiles with optimum jet mo- 
mentum; d / D  = 0.2, u/v  = 4.0. 
Bottom is tube cross section downstream from jet inlet; x / D  
= 2.0. 

Figure 3 illustrates the flow pattern for optimum condi- 
tions of maximum jet entrainment and yield from fast reac- 
tions. The mixing quality defined in terms of optimum prop- 
erties of the concentration profile (e.g., relative standard de- 
viation) at a tube cross section at x/D = 2.0 is compared with 
experimental geometries for optimum mixing with fast reac- 
tions later. The configuration of jet impingement against the 
opposite wall for optimum mixing near the jet inlet is con- 
sistent with the measurements of Maruyama et al. (19811, 
Gosman and Simitovic (1986), and Cozewith and Busko 
(1989). At the bottom of Figure 3 are the concentration pro- 
files at x/D = 2.0 that demonstrate symmetry between the 
near and far wall (bottom and top) of the tubular reactor. 

Statistics of Jet Mixing 
In the present article an inert tracer of volume ratio x, = 0.2 

was injected by the side stream in Figure 1. The numerical 
computations provide concentration values across the grid. 
Uniformity criteria were defined in terms of the second and 
third moments about the arithmetic mean f at a given tube 
cross-sectional area at two diameters downstream from the 
injection point x/D = 2.0. 

Second moment 

given tube cross section A in the form 
The second moment about the mean X is defined for a 

(4) 
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where the total volumetric flow rate 1.00 I 
d/D = 0.2 
x/D = 2.0 

I 
/A u dA = q + Q. 

Here, q,  Q are the jet and main stream volume flow rates in 
Figure 1, respectively, and u is the fluid velocity parallel to 
the tube axis. The quantity x in Eq. 4 represents either a 
concentration or volume fraction. 

The arithmetic mean of the concentration X in Eq. 4 is 
defined for a given tube cross-sectional area A in the form 

or, more conveniently, in terms of the uniform inlet condi- 
tions 

( 6 )  

A number of common expressions for uniformity are de- 
fined in terms of m2 = u2  the variance and the mean 2. The 
variation coefficient defined as the dimensionless ratio of 
standard deviation to the mean 2 can be written in the form 

= (;) (;) 7 (7) 

where ue/t is the exit variation coefficient, ui/t is the initial 
value at the jet inlet, and ue/ui is the relative standard devia- 
tion as shown in Figure 1. 

The variation coefficient u p  is a measure of the local 
stream concentration uniformity while the relative standard 
deviation ue/uj is a measure of the mixer performance. The 
latter would be influenced by the mixer geometry, fluid 
Reynolds number, and flow rates. In the present case 

for sufficiently large jet Reynolds number. If x/D is fixed and 
one seeks a minimum in ue/ui, or setting d(ue/ui)/d(u/u> = 0, 
the geometry is predicted in the form 

similar to Eq. 3 in the absence of chemical reactions. 
Numerical computations of the exit variation coefficient 

u/x for fixed tee-mixer geometry are shown in Figure 4. As 
indicated, the value of ue/t decreases with increasing jet-to- 
tube momentum ratio (l,/D>' = (u/u)' (d/D)'. Although the 
optimum momentum ratio for maximum yield from fast reac- 
tions occurs within the indicated range, it would be difficult 
to choose its value. 

However, numerical results of the relative standard devia- 
tion shown in Figure 5 indicate clues for choosing the opti- 
mum velocity ratio. As the momentum ratio increases, the 
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Figure 4. Variation coefficient vs. jet-to-tube momentum 
ratio for fixed mixing-tee dimensions. 

relative standard deviation decreases until (l,/D)2 = 0.63. 
The decrease in u& results from increasing jet entrain- 
ment near the jet inlet. For values of (1,/D)2>0.63, the 
dominant mechanism for mixing shifts from jet entrainment 
to wall impaction. Although the mixer performance in the 
latter case is enhanced at large momentum ratios, the con- 
tacting between reactants occurs away from the jet inlet and 
the yield from fast reactions is less than optimum. 

As discussed later, the optimum velocity ratio for fast reac- 
tions is determined from the local minimum in the value of 
the relative standard deviation ue/ui at (l,/D>2 = 0.63 or 
u/u z 4.0 where the jet entrainment rate is a maximum. Plots 
of the type indicated in Figure 5 provide a relationship be- 
tween optimum diameter ratio d/D and velocity u/v or flow 
ratio q/Q as suggested by Eq. 9. 

Initial variation coeficient 
Values of relative standard deviation plotted in Figure 5 

were computed from the ratio of exit-to-inlet variation coeffi- 

0.40 I 

0*30!4 , , , , , , ":, 1, , , , , , , /  

0.25 
10- ' 10' 

Figure 5. Relative standard deviation vs. jet-to-tube mo- 
mentum ratio for fixed mixing-tee geometry. 
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cient defined by Eq. 7. The initial variation coefficient i s  an 
analytic expression derived from Eq. 4 where the area A is 
the total of the tube cross section and jet inlet. Since m2 = u 2 ,  

one obtains 

1 
uj2 = - [(xi - X I 2 q  + Z’Q] 

q + Q  
(10) 

because the volume fraction of the tracer x = 0 in the tube 
upstream from the jet inlet. Dividing Eq. 10 by Z2 and rear- 
ranging, one obtains (Gray, 1986) 

yz y=(T )  ui xi - p 1/2 =($) . 
X 

(11) 

For the simple geometry of turbulent flow in a cylindrical 
tube or pipe, Eq. 4 can be simplified by setting u = 1. This 
has little effect on values of the second moment m2 down- 
stream, and the initial variation coefficient is computed in 
the form (Maruyama et al., 1983) 

Equation 12 was used to compute the numerical values of 
uJuj in Figure 5. 

Third moment 
Another measure of concentration uniformity is the degree 

of asymmetry, or departure from symmetry, of a distribution. 
For example, if the distribution of tracer is concentrated in 
one area off the center, the distribution is said to be skewed. 
An important measure of skewness uses the third moment 
about the mean expressed in dimensionless form m 3 / m p ,  
where the degree of skewness has been normalized by the 
standard deviation of the distribution. Here, 

The value of m 3 / m y  is called the moment coefficient of 
skewness where m2 is defined in Eq. 4 and A is the tube 
cross-sectional area. 

Eflects of turbulent model 
The turbulent model used in the numerical computations, 

in particular the wall function, can influence the computed 
concentration distribution and thus moments used to define 
uniformity. The problem is important when the jet momen- 
tum is large and wall impaction is important. 

The relative standard deviation ue/ui was computed with 
three wall functions: low Re, two-layer k-E, and the standard 
wall function used with the k-E model. These results are pre- 
sented in Figure 6. As expected, there are differences be- 
tween the predictions of the three models at large jet-to-tube 
momentum ratios (l,/D)’ > 1.0. However, maximum jet en- 
trainment rates that provide the optimum geometry for appli- 
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Figure 6. Relative standard deviation vs. jet-to-tube mo- 
mentum ratio for three turbulent models. 

cations to fast reactions occur at the local minimum of ue/ui 
at (l,/D)’ = 0.45, where the three models provide identical 
results. As a result, the k-E turbulent model with the stan- 
dard wall function was used in the present study as described 
elsewhere (Monclova and Forney, 1995). 

Results and Discussion 
Existing experimental data are compared with the numeri- 

cal computations of tracer concentration moments in addi- 
tion to results from the concepts of maximum jet entrainment 
and geometric similarity. 

Fast reaction data 
When two streams are fed to a tubular reactor the segrega- 

tion of the reactants will affect the reactor performance 
(Brodkey, 1975; Toor, 1975; Patterson, 1975). For simple re- 
actions, poor mixing will reduce the yield, but for competing 
reactions the product composition will exhibit dramatic dif- 
ferences depending on the mixer performance. For the case 
of jet injection into a tubular reactor, good mixing always 
means greater entrainment of ambient fluid into the jet near 
the jet inlet. 

Tosun (1987) studied the performance of a tee mixer with 
the competitive-consecutive reaction scheme described by 
Bourne et al. (1981) 

k ,  

k2 

A + 3 - R  

R + 3 - S .  ( 14) 

The purpose of these experiments was to determine the opti- 
mum geometry that maximized the yield of component R 
(minimize S). Tosun determined the optimum velocity ratio 
u/u that minimized S for three jet-to-tube diameter ratios as 
tabulated in Table 1. For fixed molar flow rates of A (tube) 
and the limiting reactant B (jet), the fractional conversion of 
3 to S or X ,  E 0.10 for the data in Table 1. These data corre- 
spond to the maximum entrainment of A into the jet con- 
taining B ,  which reduces the segregation of the reactants, the 
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Table 1. Optimum Geometry for Fast Reactions 

Tosun (1987), k ,  = 7 . 3 ~ 1 0 ~  m3~mol-'.s-'; k ,  = 3.5 m3.mol-'.s-'; 
X] = 0.98 moi/m3 

0.085 11.8 0.9 28.4 2.3 1.1 x 1 0 - ~  
0.125 6.8 0.9 27.3 2.3 1.1 x 10-3 

Damkohler No. 
d/D u/u d (cm) u (m/s) k,xld/u k,r,d/u 

0.25 3.0 1.8 7.4 17.3 0.83 X lo-' 
Cozewith and Busko (1989), k = lo8 m3.mol- '.s- '; xI = 1 mol/m3 

d/D u/u d (cm) u (m/s) kxld/u 
0.047 9.0 0.12 13.4 0.9 x 104 
0.078 7.1 0.2 13.2 1.5 x l o 4  
0.125 5.4 0.32 9.8 3.3 x lo4 
0.188 3.6 0.48 7.0 6.9 x l o 4  
0.250 3.1 0.64 6.0 1.1 x 105 

local concentration of B near the inlet, and the rate of for- 
mation of S by the competing reaction of Eq. 14. 

The Damkohler numbers computed for the Tosun data in 
Table 1 are calculated with the small rate constant k ,  = 3.5 
m3.rnol-l.s-' for the second reaction of Eq. 14. The small 
Da numbers in the range of to lo-' for the second 
reaction indicate that these reaction times are large relative 
to the mixing times, which is supported by the measured se- 
lectivity X ,  = 0.10 near the kinetic limit or minimum X ,  = 

0.002 (in contrast, X ,  --f 1.0 for Da >> 1). Baldyga and Bourne 
(1989) and Bourne and Yu (1994) demonstrated that X ,  var- 
ied over a range of Da<103 with an engulfment 
model applied to a semibatch reactor. These results are con- 
sistent with the magnitude of D U Z ~ O - ~  computed for the 
small values of X ,  z 0.1 near the kinetic limit as measured by 
Tosun. 

Cozewith and Busko (1989) measured tee performance by 
observing the reaction zone or distance to mix with a fast 
simple reaction for the neutralization of NaOH in the tee 
with HCl in the main stream. 

NaOH + HCl k N a C 1  + H,O. (15) 

In these experiments the optimum velocity ratio u/u was 
recorded for fixed jet-to-tube diameter ratio d/D that mini- 
mized the distance to mix as indicated by the color change of 
the indicator bromothymol blue. The same reaction was used 
to characterize other mixer geometries by Mao and Toor 
(1971), Pohorecki and Baldyga (19831, and Shenoy and Toor 
(1988). The assumption by Cozewith and Busko was that 
shorter distances for neutralization of the base correspond to 
improved tee-mixer performance. The latter circumstance 
would also mean greater entrainment rates of ambient HCl 
into the jet. 

The optimum values corresponding to optimum tee design 
recorded by Cozewith and Busko are listed in Table 1. Since 
the acid-base reaction of Eq. 15 is instantaneous, the com- 
puted values of the Damkohler number are large or lo4 < 
Da < los that correspond to the mixing controlled limit. 

Second moment 
The optimum diameter ratios d/D and flow ratios q/Q= 

(d/D)* ( u / u )  are plotted in Figure 7 for the data of Tosun 

* - Tosun (1987) 
n - Cozewith b Busko (1989) 

- Standard Deviation 

d/D 10- I 
- d/D = .69(1q/Q)~' 

1 0 - I  
lo-' loo 
s/Q 

Figure 7. Optimum jet-to-tube diameter ratio vs. flow ra- 
tio from experiment ( 0 )  and numerical com- 
putation (m). 

(1987) and Cozewith and Busko (1989) as tabulated in Table 
1. The diameter and flow ratios corresponding to the local 
minimum in the relative standard deviation from numerical 
results similar to that plotted in Figure 6 are also shown in 
Figure 7. The numerical results clearly correlate the opti- 
mum geometry for the fast simple reaction of Cozewith and 
Busko in the mixing controlled limit where the optimum di- 
ameter ratio varies as the flow ratio to the 2/3 power. As 
expected, these results indicate that the dominate mechanism 
for optimum mixing is jet entrainment rather than wall im- 
paction. 

The three optimum data points of Tosun representing op- 
timum selectivity (minimum X , )  are correlated with a maxi- 
mum error of 30% and an average of 15%. With the limited 
number of data it is not clear whether these differences illus- 
trate a diameter dependence on the Damkohler number, as 
suggested in Eq. 3, or experimental error. It should be noted 
that the two data points that deviate by 15% or more at 
smaller diameter and flow ratios correspond to Da z 
while the Damkohler number for the third point at d/D = 0.25 
for the larger flow ratio is an order of magnitude larger, or 
Da = lo-'. Again, jet entrainment appears to be the impor- 
tant mixing mechanism. 

These results suggest that the scaling law of Eq. 3 for opti- 
mum mixing may be independent of the Damkohler number. 
One may conclude that the first reaction of Eq. 14 is fast 
(diffusion limited) or the optimum rate of mixing of A and B 
(maximize jet entrainment) would minimize the mean con- 
centration of the reactants B and R in the rate expression 
for S. Moreover, the product of the turbulent reactant fluctu- 
ations llbl of R and B in the rate expression for S may not 
depend on the Damkohler number as demonstrated by Toor 
(1969, 1975) for simple reactions. 

Third moment 
Numerical computations of the moment coefficient of 

skewness rn3/rny, which is the third moment of the concen- 
tration distribution normalized with the standard deviation 
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Figure 8. Moment coefficient of skewness rn,/m:/* vs. 
velocity ratio for fixed-tee geometry. 

U/V 

cubed, has been plotted on the ordinate of Figure 8 vs. jet- 
to-tube velocity ratio at fixed diameter ratio. As noted, there 
is a distinct minimum in the asymmetry of the concentration 
distribution at u/u = 7.5. These results are consistent with 
the picture of symmetry between the near and far wall of the 
tubular reactor at optimum conditions in the bottom contour 
of Figure 3. 

Additional numerical results for a range of diameter ratios 
0.05 I d/D I 0.25 are plotted in Figure 9 and compared with 
the computed local minimum in the relative standard devia- 
tion previously illustrated in Figure 7 .  It is apparent from 
Figure 9 that symmetry and an entrainment-induced mini- 
mum in the relative standard deviation are synonymous. 

Centerline concentration 
Optimum jet entrainment prior to wall impaction should 

correspond with a reduction in the jet centerline concentra- 

rn - Standard Deviation 
o - Skewness 

Figure 9. Optimum jet-to-tube diameter ratio vs. flow ra- 
tio. 
Numerical computations of relative standard deviation ( m  ) 
and moment coefficient of skewness ( 0 )  are compared. 
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Figure 10. Maximum tracer concentration along oppo- 
site tube wall from jet inlet vs. jet-to-tube ve- 
locity ratio. 

U/V 

tion along the opposite wall of the tubular reactor. Figure 10 
contains numerical computations of the centerline (maxi- 
mum) tracer concentrations occurring along the opposite wall 
of the reactor for a range of jet-to-tube velocity ratios 4 s 
u/u 5 10 at fixed diameter ratio d/D = 0.07. It is evident from 
Figure 10 that u/u = 6.5 corresponds to a condition of maxi- 
mum jet entrainment. 

Additional optimum velocity ratios were computed for a 
range of diameter ratios 0.05 < d/D < 0.25, and these results 
are compared in Figure 11 with previous calculations of the 
minimum in the relative standard deviation. Clearly, maxi- 
mum jet entrainment is consistent with either a reduction in 
the scatter of the tracer concentration data or the degree of 
asymmetry in the concentration distribution. 

10- 1 
lo-' too 
q/Q 

Figure 11. Optimum jet-to-tube diameter ratio vs. flow 
ratio. 
Numerical computation of relative standard deviation (*) 
are compared with'results from computations of jet center- 
line concentrations (13 ). 
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Geometric simihrity 
Considerable insight can be gained by analyzing the jet tra- 

jectory near the injection point for the simple geometry of 
Figure 1 (Forney and Kwon, 1979). Restricting the analysis to 
a right angle jet (3 = 7r/2) and assuming uniform (top-hat) 
profiles for jet properties, one obtains an approximate jet tra- 
jectory valid for small departures from the origin 0 = 7r/2 and 
J, z = 0 (see Figure A1 in the Appendix): 

(16) 

valid for x / l ,  < 1, where the momentum length I, = d(u/v)  
and R = u / v .  

Normalizing the coordinates x ,  z of Eq. 16 with respect to 
the tube diameter D. one obtains 

One now assumes that optimum mixing is achieved when the 
jet impacts on the opposite tube wall at a fixed distance 
downstream from the injection point as shown in Figure 3. 
For simplicity, imposing the boundary conditions z/D = 1.0, 
x/D = 0.5, Eq. 17 becomes 

D (18) 

where the entrainment parameters a = 0.11 and p = 0.6 are 
universal constants (Hoult et al., 1969). 

Since q/Q = R(d/D)2,  one obtains the optimum mixing ra- 
tio from Eq. 18 

that provides the useful limits 

and 

or substituting a = 0.11 and p = 0.6, one obtains 

d 
- = 0.747(q/Q)2/3, 
D q/Q > 0.035 (20) 

and 

d 
D 
- = 2.27(q/Q), 4/12 < 0.035. (21) 

We note that Eq. 20 predicts the same 2/3 power law for the 
diameter and flow ratio dependence as that derived from the 
second-moment calculations plotted in Figure 7. Clearly, op- 
timum jet entrainment, relative standard deviation, and 
skewness all represent geometrically similar flow fields in 
which the jet impacts against the opposite tube wall at a fixed 
number of tube diameters from the jet inlet. The scaling or 
similarity law is given by d/D = 0.69 (q/Q)v. 
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Notation 
bj =radius of jet, m 

m2 =second moment of tracer concentration 
m3 =third moment of tracer concentration 

R =velocity ratio ( = u/u) 
u =mean upstream tube velocity, m.s-’ 

p =density, kg.m3 
v =kinematic viscosity, m2-s-I 
0 =local angle between jet and tube axis 

n, z =tube axial and radial distance from jet inlet, m 
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Appendix 1: Entrainment rates: Right angle or 
coaxial 

The two simple ways of mixing reactants in a tube are 
right-angle jet injection, as considered in the present article 
(see Figure 1) or a coaxial jet with one reactant introduced 
into the reactor with a small tube parallel to a larger diame- 
ter tube axis (see Figure Al). Since turbulent jets entrain am- 
bient fluid, the rate of mixing is determined by the jet en- 
trainment rate. In the case of right-angle injection, the en- 
trainment rate also determines the jet trajectory in the reac- 
tor tube. 

AIChE Journal November 1996 

coaxial 

right angle 

Figure A l .  Coaxial and right-angle jet injection. 

We assume that there are two additive entrainment mech- 
anisms: one is due to the tangential difference between the 
local jet velocity u and ambient fluid velocity component par- 
allel to the jet and the other to the ambient fluid velocity 
normal to the jet (Morton et al., 1956; Hoult et al., 1969; Fay, 
1973). It is also assumed that the rate of entrainment for each 
mechanism is the product of a nondimensional entrainment 
parameter (a or /3 independent of position) and the product 
of the jet perimeter and the corresponding velocity differ- 
ences. 

For  simplicity, the circular jet velocity profile is assumed to 
have the shape of a top hat, and we neglect density differ- 
ences between the jet and ambient fluid. Thus, we obtain 
expressions for the rate of entrainment of ambient fluid at 
the jet inlet x ,  z 

right angle: 

0 for both geometries in the form 

d 
- ( .nb2u) = 2abj( auj  + Pu) 
dz 

(All 

coaxial: 

where a = 0.11 is the tangential entrainment parameter and 
/3 = 0.6 is the normal entrainment parameter. The coordi- 
nates x ,  z are measured from the jet inlet parallel to the 
reactor axis or along its diameter, respectively, as shown in 
Figure Al. 

Therefore, the ratio of right angle to coaxial entrainment 
rates at the jet inlet becomes 
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n 

Appendix 2: Mixing time 
The jet Reynolds number represents the ratio of inertial 

Figure A2. Ratio of right-angle-to-coaxial entrainment 
rate at the jet inlet vs. jet-to-tube velocity ra- 
tio. 

ing with-the integral length scale for the jet I E d and the 
energy dissipation rate E = u3/d (e.g., Baldyga et al., 1995). 

Jet diameter is the same for both geometries. Manuscript received Jan. 26, 1996, and revision receiued Apr. 8, 1996. 
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